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Motivation

Motivation

Goal: Analysis and optimization of a communication network.

Problem: Given an underground network, what is the optimal
distribution of the lines that makes the network most efficient?

What is the most appropriated mathematical model?

1 Network approach,
2 Hypernetwork approach,
3 New approach that combines both.
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Motivation

Guadalajara underground map

Figure: Guadalajara (México) underground
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Definitions for hypergraphs

Definition of hypergraph

Definition

Let X = {v1, v2, . . . , vn} be a finite set. A hypergraph on X is a
family H = (E1,E2, . . . ,Em) of subsets of X such that:

1 Ei 6= ∅ (i = 1, 2, . . . ,m)

2
⋃m

i=1 Ei = X .

The elements v1, v2, . . . , vn of X are called vertices, and the sets
E1,E2, . . . ,Em are the hyperedges or the edges of the hypergraph.
We say that a vertex vi is incident to edge Ej if vi ∈ Ej .
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Definitions for hypergraphs

Graphical representation of a hypergraph

The edge Ej is represented by a continuous curve joining the two
elements if |Ej | = 2, by a loop if |Ej | = 1, and by a simple closed
curve enclosing the elements if |Ej | ≥ 3.

Figure: A hypergraph
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Definitions for hypergraphs

Definition of degrees

Definition

Two vertices are adjacent if there is a hyperedge Ei that contains
both of these vertices.

Definition

1 The degree of vertex vi is the cardinality of the set of all
edges incident to vertex vi and is denoted by dH(vi ).

2 The degree of edge Ej is the cardinality of the set of all
vertices incident to the edge Ej . The maximum degree of the
hypergraph H will be denoted by

∆(H) = max
v∈X

dH(v).
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Definitions for hypergraphs

Definition of incidence matrix

In order to define a hypergraph it is better to consider the
incidence matrix.

Definition

The incidence matrix B = (bij) is defined such that

bij =

{
1 if vi ∈ Ej

0 if vi /∈ Ej

with columns representing the edges E1,E2, . . . ,Em and rows
representing the vertices v1, v2, . . . , vn.
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Definitions for hypergraphs

Matrix representation of a hypergraph: incidence matrix

B(H) =



X/E E1 E2 E3 E4 E5 E6

v1 0 0 0 0 1 0
v2 0 0 0 1 1 0
v3 1 0 0 1 0 0
v4 1 0 0 0 0 0
v5 1 1 0 0 0 0
v6 0 0 1 0 0 0
v7 0 0 1 1 0 1
v8 0 1 1 0 0 0


Go
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Definitions for hypergraphs

Definition of adjacency matrix

We can also consider the adjacency matrix

Definition

The adjacency matrix, A(H) = (aij), of the hypergraph H is a
square symmetric matrix whose entries aij are the number of
hyperedges that contain both vertices vi and vj , that is

aij =

{
0 if i = j
|{Ek ∈ E : {vi , vj} ⊂ Ek}| if i 6= j
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Definitions for hypernetworks

Definition of hypernetwork and efficiency

For us H = (X ,E ) is a simple and finite hypergraph with vertex
set X = {v1, . . . , vn} and hyperedge set E = {E1, . . . ,Em}. The
distance dij in the hypernetwork is the length of the shortest walk
that connects vertices i and j .

Definition

The efficiency of a hypernetwork H = (X ,E ) is

E (H) =
1

n(n − 1)

∑
i 6=j∈X

1

dij

where n is the number of vertices in H and dij is the distance (in
the hypernetwork) between vertices i and j .
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Definitions for hypernetworks

Hypernetworks and associated bipartite graph

To calculate the distance in the hypernetwork we have to consider
the bipartite graph associated to the hypernetwork. We can
calculate the distance from one vertex of the hypernetwork to
another by calculating the distance between them in the associated
bipartite graph and dividing the result by two.

Figure: Hypernetwork and associated bipartite graph
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Definition of a hyperstructure

Guadalajara underground map

Figure: Guadalajara (México) underground
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Definition of a hyperstructure

Definition of a compatible hyperstructure

Definition

Let G = (X ,E ) be a graph with n vertices and m edges. We
define a hypergraph H for this graph G as a family
H = (E1,E2, . . . ,Ek) of subsets of X . Then, a hyperstructure
S = (X ,E ,H) is a triple formed by the vertex set X , the edge set
E and the hyper-edge set H.

Definition

A hyperstructure is compatible if every edge ` = {v ,w} of E is
such that v ,w belong to the same hyperedge Ek in H.
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Definition of a hyperstructure

Matrix representation of a hyperstructure

We can represent a hyperstructure S in terms of the graph
adjacency matrix A(G ) and the hypergraph incidence matrix B(H).
That is, we can have all the information about the hyperstructure
in a matrix of the form C (S) = [A(G )|B(H)].

C (S) =



0 1 0 0 0 0 1 0
1 0 1 0 1 1 1 1
0 1 0 1 0 0 1 0
0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1

1 1 1 1 0 0 0 0
0 1 0 0 1 1 0 0


Figure: Hyperstructure and associated matrix
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Definition of a hyperstructure

Definition of a walk and length

Definition

A walk w in a compatible hyperstructure S = (X ,E ,H) is a
sequence of (not necessarily different) vertices (v1, v2, . . . , v`, v`+1)
and hyperedges (E1, . . . ,Ep), such that

1 (E1, . . . ,Ep) is the minimum subset of H containing the
sequence of vertices (v1, v2, . . . , v`, v`+1),

2 ∀i = 1, 2, . . . , `+ 1 there is a hyperedge in (E1, . . . ,Ep)
containing vi and vi+1,

3 ∀i = 1, 2, . . . , `+ 1 there is an edge in E linking vi and vi+1.

The length of the walk w is length(w) = `+ β(p − 1), where ` is
the length of the walk in G and p − 1 is the number of changes in
the hyperedges set with a proper weight β ≥ 0.
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Definition of a hyperstructure

Definition of distance

Definition

The distance d(vi , vj) = dij between vertices vi and vj in
S = (V ,E ,H) is the length of the shortest walk (the path) that
connects vertices vi and vj .

Notice that to calculate the distance between two vertices we
calculate the 1−norm of the vector (`,p − 1) with a weight β for
the second component and hence d is a topological distance. The
distance in the hyperstructure is not the sum of the distance in the
hypernetwork plus the distance in the network.
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Definition of a hyperstructure

Auxiliary graph to calculate distances

The distance between a duplicated vertex j and another vertex k is
djk = min{dj ′k , dj ′′k}, where j ′ and j ′′ are the duplications of
vertex j in the auxiliary graph.

Figure: Hyperstructure and auxiliary graph
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Definition of a hyperstructure

Definition of efficiency

Definition

The efficiency of a compatible hyperstructure S = (X ,E ,H) is

E (S) =
1

n(n − 1)

∑
i 6=j∈X

1

dij

where n is the number of vertices in the graph G and dij is the
distance in the hyperstructure between vertices i and j .

The efficiency of the hyperstructure S is different from the
efficiency of the auxiliary graph employed to calculate the distance
matrix.
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Definition of a hyperstructure

Guadalajara underground map

Figure: Guadalajara (México) underground
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Relationships between efficiencies

Relationships between efficiencies

Theorem

Let S = (X ,E ,H) be a compatible hyperstructure. Then

max

{
E (G ),

1 + β

β + ∆(H)
E (H)

}
≤ E (S)

E (S) ≤
(

1 + β

4

)(
E (G ) +

1

β
E (H)

)
where E (G ) is the efficiency of the network, E (H) is the efficiency
of the hypernetwork, E (S) is the efficiency of the hyperstructure
and ∆(H) is the maximum degree of the hypernetwork H.
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Conclusions

We have introduced a hyperstructure.

We define the efficiency of a hyperstructure.

We establish a relationship between the definitions of the
efficiency in different structures.

We apply those results to construct an efficient underground.

THANKS!
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Figure: A hypergraph
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